Abstract. Let σ be an automorphism of a field K with fixed field F . We study the automorphisms of nonassociative unital algebras which are canonical generalizations of the associative quotient algebras K[t; σ]/f K[t; σ] obtained when the twisted polynomial f ∈ K[t; σ] is invariant, and were first defined by Petit. We compute all their automorphisms if σ commutes with all automorphisms in Aut F (K) and n ≥ m − 1, where n is the order of σ and m the degree of f , and obtain partial results for n < m − 1. In the case where K/F is a finite Galois field extension, we obtain more detailed information on the structure of the automorphism groups of these nonassociative unital algebras over F . We also briefly investigate when two such algebras are isomorphic.
Introduction
Let D be a division algebra, σ an injective endomorphism of D, δ a left σ-derivation and R = D[t; σ, δ] a skew polynomial ring (for instance, c.f. [16, § 3.4] ). For an invariant skew polynomial f ∈ R, i.e. when the ideal Rf is a two-sided principal ideal, the quotient algebra R/Rf appears in classical constructions of associative central simple algebras, usually employing an irreducible f ∈ R to get examples of division algebras, e.g. see [15] .
In 1967, Petit [22, 23] introduced a class of unital nonassociative algebras S f , which canonically generalize the quotient algebras R/Rf obtained when factoring out an invariant f ∈ R of degree m. The algebra S f = D[t; σ, δ]/D[t; σ, δ]f is defined on the additive subgroup {h ∈ R | deg(h) < m} of R by using right division by f to define the algebra multiplication g • h = gh mod r f . The properties of the algebras S f were studied in detail in [22, 23] , and for D a finite base field (hence w.l.o.g. δ = 0) in [20] .
Even earlier, the algebra S f with f (t) = t 2 − i ∈ C[t; ], the complex conjugation, appeared in [8] as the first example of a nonassociative division algebra. Although the algebras themselves have received little attention so far, the right nucleus of S f (the eigenspace of f ∈ R) already appeared implicitly in classical constructions by Amitsur [2, 3, 4] , but also in results on computational aspects of operator algebras; they are for instance used in algorithms factoring skew polynomials over F q (t) or finite fields, cf. [11, 12, 13, 14] . The role of classical algebraic constructions in coding theory is well known (cf. [16, Chapter 9] , [17, 1, 7] ).
Moreover, recently space-time block codes, coset codes and wire-tap codes were obtained employing the algebras S f over number fields, cf. [9, 10, 21, 24, 27, 28, 29] , and they also appear useful for linear cyclic codes [25, 26] .
If K is a finite field, F the fixed field of σ, K/F a finite Galois field extension and f ∈ K[t; σ] = K[t; σ, 0] irreducible and invariant, the S f are Jha-Johnson semifields (also called cyclic semifields) [20, Theorem 15] , and were studied for instance by Wene [35] and more recently by Lavrauw and Sheekey [20] . The main motivation for our paper comes from the question how the automorphism groups of Jha-Johnson semifields look like. The results presented here are applied to some Jha-Johnson semifields in [6] .
The structure of this paper is as follows: In Section 1, we introduce the terminology and define the algebras S f . We limit our observations to the algebras which are not associative. Given a field extension K, σ ∈ Aut(K) of order n with fixed field F , such that σ commutes with all τ ∈ Aut F (K), and f ∈ K[t; σ] of degree m not invariant, we compute the automorphisms of S f in Section 2. We obtain all automorphisms for n ≥ m − 1 and some partial results for n < m − 1 (Theorems 4 and 5). For n ≥ m − 1, the automorphisms in Aut F (S f ) are canonically induced by the F -automorphism G of R = K[t; σ] which satisfy G(f (t)) = af (t) for some a ∈ K × , and on K restrict to an automorphism that commutes with τ .
The automorphisms groups of S f where f (t) = t m − a ∈ K[t; σ], a ∈ K \ F , play a special role, as for all nonassociative S g with g(t) = t m − m−1
is a subgroup of Aut F (S f ) when n ≥ m − 1.
We then focus on the situation that K/F is a finite Galois field extension such that σ commutes with all τ ∈ Gal(K/F ). In many cases, either Aut F (S f ) ∼ = Gal(K/F ) or is trivial (Theorem 10). Necessary conditions for extending Galois automorphisms τ ∈ Gal(K/F ) to S f are studied in Sections 3 and 4. The existence of cyclic subgroups of Aut F (S f ) is investigated in Section 5.
For f (t) = t m − a ∈ K[t; σ] and K/F a cyclic field extension of degree m, the algebra S f is also called a nonassociative cyclic algebra and denoted by (K/F, σ, a). These algebras are canonical generalizations of associative cyclic algebras, but also generalizations of the algebras in [3, 15] . The automorphisms of nonassociative cyclic algebras are investigated in Section 6. All the automorphisms of A = (K/F, σ, a) extending id K are inner and form a cyclic subgroup of Aut F (A) isomorphic to ker(N K/F ). In some cases, this is the whole automorphism group, e.g. if F has no mth root of unity. In these cases, every automorphism of A leaves K fixed and is inner. We explain when the automorphism group of a nonassociative quaternion algebra A (where m = 2) contains a dicyclic group and when it contains a subgroup isomorphic to the semidirect product of two cyclic groups. In Section 7 we briefly investigate isomorphisms between two algebras S f and S g . This work is part of the first author's PhD thesis [5] written under the supervision of the second author. For results on the automorphisms of the more general algebras defined using f ∈ D[t; σ], or a more detailed study and the (less relevant) cases left out in this paper the reader is referred to [5] . For examples of applications of the associated classical constructions the readers are referred to [1, 7, 16, 17 ].
1. Preliminaries 1.1. Nonassociative algebras. Let F be a field and let A be an F -vector space. A is an algebra over F if there exists an F -bilinear map A × A → A, (x, y) → x · y, denoted simply by juxtaposition xy, the multiplication of A. An algebra A is called unital if there is an element in A, denoted by 1, such that 1x = x1 = x for all x ∈ A. We will only consider unital algebras from now on without explicitly saying so.
Associativity Nuc(A) is an associative subalgebra of A containing F 1 and x(yz) = (xy)z whenever one of the elements x, y, z lies in Nuc(A). The center of A is C(A) = {x ∈ A | x ∈ Nuc(A) and xy = yx for all y ∈ A}.
An F -algebra A = 0 is called a division algebra if for any a ∈ A, a = 0, the left multiplication with a, L a (x) = ax, and the right multiplication with a, R a (x) = xa, are bijective. If A has finite dimension over F , then A is a division algebra if and only if A has no zero divisors [31, pp. 15, 16 ]. An element 0 = a ∈ A has a left inverse a l ∈ A, if R a (a l ) = a l a = 1, and a right inverse a r ∈ A, if L a (a r ) = aa r = 1.
An automorphism G ∈ Aut F (A) is an inner automorphism if there is an element m ∈ A with left inverse m l such that G(x) = (m l x)m for all x ∈ A. Given an inner automorphism G m ∈ Aut F (A) and some H ∈ Aut F (A), then clearly
is an inner automorphism. [34, Lemma 2, Theorem 3, 4] generalize to any nonassociative algebra: Note that if the nucleus is commutative, then for all invertible n ∈ Nuc(A),
1.2. Twisted polynomial rings. Let K be a field and σ an automorphism of K. The twisted polynomial ring K[t; σ] is the set of polynomials a 0 + a 1 t + · · · + a n t n with a i ∈ K, where addition is defined term-wise and multiplication by ta = σ(a)t for all a ∈ K. For f = a 0 + a 1 t + · · · + a n t n with a n = 0 define deg(f ) = n and put deg(
is not a unit and it has no proper factors, i.e. if there do not exist g, h ∈ R with deg(g), deg(h)
is a left and right principal ideal domain and there is a right division algorithm in R: for all g, f ∈ R, g = 0, there exist unique r, q ∈ R with deg(r) < deg(f ), such that g = qf + r. There is also a left division algorithm in R [15, p. 3 and Prop. 1.1.14]. (Our terminology is the one used by Petit [22] and Lavrauw and Sheekey [20] ; it is different from Jacobson's, who calls what we call right a left division algorithm and vice versa.) Define F = Fix(σ).
1.3. Nonassociative algebras obtained from skew polynomial rings. Let K be a field, σ an automorphism of K with F = Fix(σ), and f ∈ R = K[t; σ] of degree m. Let mod r f denote the remainder of right division by f . Then then additive abelian group (7)] and it is straightforward to see that if f (t) = t m − m−1 i=0 a i t i and Remark 9] . The algebra S f is also denoted by R/Rf [22, 23] if we want to make clear which ring R is involved in the construction. In the following, we call the algebras S f Petit algebras and denote their multiplication simply by juxtaposition. Using left division by f and the remainder mod l f of left division by f instead, we can analogously define the multiplication for another unital nonassociative algebra on R m over F 0 , called f S. We will only consider the Petit algebras S f , since every algebra f S is the opposite algebra of some Petit algebra [22, (1) ]. 
Note that if f is not invariant, then the nucleus of any
} is a non-trivial subgroup of Aut F (S f ) and each inner automorphism G m in this subgroup extends id Nuc(A) by Proposition 1.
In particular, then f t ∈ Rf which is equivalent to the powers of t being associative, which again is equivalent to t m t = tt m .
(
is an algebraic subfield of degree m contained in the right nucleus.
Proof. S f contains the commutative subring
, this is an algebraic field extension of F . This subring is isomorphic to the ring consisting of the elements
, hence the assertion. The rest is obvious.
We will assume throughout the paper that deg(f ) = m ≥ 2 (since if f is constant then S f ∼ = K) and that σ = id. Without loss of generality, we only consider monic polynomials f , since S f = S af for all non-zero a ∈ K.
2. Automorphisms of S f 2.1. Let K be a field, σ an automorphism of K of order n (which may be infinite), F = Fix(σ), and
a twisted polynomial which is not invariant.
Proof. Let H : S f → S f be an automorphism. Since S f is not associative, Nuc l (S f ) = K by Theorem 2 (i). Since any automorphism preserves the left nucleus, H(K) = K and so
Comparing the coefficients of t i in (2) and (3) we obtain
for all i ∈ {0, . . . , m − 1} and all z ∈ K. This implies k i (τ σ i (z) − σ(z) ) = 0 for all i ∈ {0, . . . , m − 1} and all z ∈ K since σ and τ commute, i.e.
(5)
for all i ∈ {0, . . . , m − 1} and all z ∈ K.
Since σ has order n ≥ m − 1, which means σ i = σ for all i ∈ {0, . . . , m − 1}, i = 1, (5)
, . . . , m − 1} and z ∈ K. Thus H has the form
Comparing (7) and (8) gives [20, Theorem 7] , the proof works for any R = K[t; σ]). In particular, this means that
with a ∈ K × being the product of the σ l (k), and so G induces an isomorphism of S f with S af = S f , i.e. an automorphism of S f . The automorphisms of Aut F (S f ) are therefore all canonically induced by the F -automorphisms G of R = K[t; σ] which satisfy (1).
The assumption that n ≥ m − 1 is needed in (4) to conclude that k i = 0 for i = 0, 2, 3, . . . , m − 1 and so H(t) = kt. If n < m − 1 we still obtain:
powers of g(t) are associative for all i ≤ m − 1, and g(t)g(t)
Proof. (i) is straightforward, using the relevant parts of the proof of Theorem 4. Note that the inverse of
(ii) Let H : S f → S f be an automorphism. As in Theorem 4, H| K = τ for some τ ∈ Aut F (K), and
Comparing the coefficients of t in H(tz) = H(t)H(z) = H(σ(z)t) we obtain (5) for all i ∈ {0, . . . , m − 1} and all z ∈ K. Since σ has order n < m − 1, here, (5) only implies k i = 0 for i ∈ {0, . . . , n}, i = 1. Therefore
K if and only if i = nl+1 for some l ∈ Z since σ has order n. Therefore (5) implies
Together these imply the assertion.
A closer look at the proof of Theorems 4 and 5 reveals that in fact the following holds without requiring σ to commute with all τ ∈ Aut F (K):
The automorphisms groups of
the understanding of the automorphism groups of all the algebras S g , as for all nonassociative
Theorem 7. Suppose σ commutes with all τ ∈ Gal(K/F ). Let n ≥ m − 1 and
Proof. (i) Let H ∈ Aut F (S g ). By Theorem 4, H has the form H(
and so H is also an automorphism of S f , again by Theorem 4.
(ii) The proof is analogous to (i).
Similarily, for n < m − 1 employing Theorem 5 we obtain:
The automorphism groups of S f with f (t) = t m − a ∈ K[t; σ] are therefore particularly relevant.
Necessary conditions for extending Galois automorphisms to S f
From now on we restrict ourselves to the situation that R = K[t; σ] and F = Fix(σ), where K/F is a finite Galois field extension and σ of order n.
We take a closer look at Equality (1), which gives necessary conditions on how to choose the elements k ∈ K × used to extend τ ∈ Gal(K/F ) to Aut F (S f ). These become more restrictive for the choice of the elements k, the more coefficients in f (t) are non-zero. Let N K/F : K → F be the norm of K/F . All monic polynomials f considered in the following are assumed to not be invariant and of degree m.
Proposition 9. Suppose that σ and τ commute. Let 
., if f (t) is irreducible) then N K/F (k) is an mth root of unity, and if a
to both sides of (1)), and there- 
(ii) k = 1 implies τ (a i ) = a i , i.e. a i ∈ Fix(τ ) for all i ∈ {0, . . . , m − 1}. 
K[t; σ] is not invariant with
, any automorphism H of S f has the form H τ,1 where τ ∈ Gal(K/F ), and
is not invariant, the maps H τ,1 are automorphisms of S f for all τ ∈ Gal(K/F ) and Gal(K/F ) is isomorphic to a subgroup of Aut F (S f ).
Proof. (i) H is an automorphism of S f if and only if H has the form
Since a m−1 ∈ F × we have a m−1 ∈ Fix(τ ) × for all τ which forces k = 1 as the only possibility for any τ ∈ Gal(K/F ) by Proposition 9 (i). This in turn means that any extension H τ,k has the form H τ,1 . In particular, the existence of an extension H τ,k , τ = id, implies τ (a i ) = a i for all non-zero a i , i = m − 1, that is a i ∈ Fix(τ ) for all non-zero a i .
Thus if a i ∈ Fix(τ ) for all τ = id and all i ∈ {0, . . . , m − 2} then there is no non-trivial τ that extends to an automorphism of S f and Aut
(ii) follows from (i) and Theorem 8.
Note that indeed Condition (1) heavily restricts the choice of available k to k = 1 in most cases.
Corollary 11. Suppose σ commutes with all
In particular, here
Proof. (i) follows from Theorem 4 and Proposition 9.
(ii) follows from Theorem 7.
For f (t) = t m − a 0 ∈ K[t; σ], a 0 ∈ K \ F , the automorphisms H id,k extending id K thus are in one-to-one correspondence with those k satisfying 
For m = n and K/F a cyclic field extension, the algebras considered in Corollary 11 are called nonassociative cyclic algebras of degree m, as they can be seen as canonical generalizations of associative cyclic algebras. These algebras are treated in Section 6.
Automorphisms extending id
In general, we know that if S f has nucleus K then every inner automorphism G c with c ∈ K × , extends id K . Conversely, an extension H id,k of id K is inner for the right choice of k:
Proof. A simple calculation shows that G c
Let now K/F be a cyclic Galois field extension of degree n with Gal(K/F ) = σ and norm 
Theorem 14. (i) Every automorphism
H id,k ∈ Aut F (S f ) such that N K/F (k) = 1
Cyclic subgroups of Aut
For any Galois field extension K/F and σ ∈ Gal(K/F ) of order n, we now give some conditions for Aut F (S f ) to have cyclic subgroups. Theorem 15. Suppose F contains an sth root of unity ω. Suppose that either f (t) = t s −a ∈
Then H id,ω is a cyclic subgroup of Aut F (S f ) of order at most s and of order s, if ω is a primitive root of unity.
for all 0 ≤ j ≤ s − 1 by Proposition 6. In both (i) and (ii), H id,ω is a cyclic subgroup of Aut(S f ) of order less or equal to s, since H id,ω j • H id,ω r = H id,ω j+r for all 0 ≤ j, r ≤ sl − 1.
Lemma 16. Let F have characteristic not two, m be even and
Proof. The maps H id,1 and H id,−1 are automorphisms of S f by Proposition 6, and
, we obtain:
Theorem 17. Suppose σ commutes with all τ ∈ Gal(K/F ), and
Proof. Let j ∈ {0, . . . , n − 1}. Since τ (a i ) = a i for all i, here (1) becomes
for all i ∈ {0, . . . , m − 1}.
(i) Clearly, (9) is satisfied for k = 1 and all i ∈ {0, . . . , m − 1}, therefore the maps H τ,1 are automorphisms of S f for all τ ∈ Gal(K/F ) by Theorems 4 and 5. We have
(ii) By Theorem 4, the automorphisms of S f are exactly the maps H σ j ,k where j ∈ {0, . . . , n − 1} and k ∈ K × satisfies (9) for all i ∈ {0, . . . , m − 1}. The maps H σ j ,1 are therefore automorphisms of S f for all j ∈ {0, . . . , n − 1}. We prove that these are the only automorphisms of S f : a 0 = 0 and so N K/F (k) = 1 by (9) . Therefore, by Hilbert 90, there exists α ∈ K such that k = σ(α)/α. Let l ∈ {1, . . . , m − 1} be such that a l = 0. Then by (9),
.
Thus α ∈ Fix(σ j ) = F since m is prime. Therefore k = σ(α)/α = α/α = 1 as required.
This complements our results from Theorem 10, which in case Gal(K/F ) is cyclic of degree n mean the following:
not invariant with a m−1 ∈ F × .
(i) Let n ≥ m − 1 then for all τ ∈ Gal(K/F ) the maps H τ,1 are exactly the automorphisms of S f and Aut
(ii) Let n < m − 1 then for all τ ∈ Gal(K/F ) the maps H τ,1 are automorphisms of S f and Gal(K/F ) ∼ = Z/nZ is isomorphic to a subgroup of Aut F (S f ).
6. Nonassociative cyclic algebras 6.1. Let K/F be a cyclic Galois extension of degree m with Gal(K/F ) = σ and
is called a nonassociative cyclic algebra of degree m over F . It is not associative for all a ∈ K \ F and a cyclic associative central simple algebra over F for a ∈ F × . We will only consider the case that a ∈ K \ F . If 1, a, a 2 , . . . , a m−1 are linearly independent over F then (K/F, σ, a) is a division algebra (cf.
[32], [30] for finite F ). In particular, if K/F is of prime degree then (K/F, σ, a) is a division algebra for every a ∈ K \ F . Let f (t) = t m − a ∈ K[t; σ], a ∈ F. Then we get the following strong restriction for automorphisms of S f :
is an mth root of unity and a = ed s for some e ∈ F × and some d s .
Proof. H is an automorphism of S f if and only if H = H σ j ,k where j ∈ {0, . . . , m − 1} and
this condition is equivalent to N K/F (k) being an mth root of unity and a = ed s for some d
Applying Theorem 7, our results for the automorphisms of a nonassociative cyclic algebra A = (K/F, σ, a) of degree m yield the following observations for more general algebras S g :
is not invariant with a 0 ∈ K \ F . Suppose one of the following holds:
• F has no mth root of unity.
• 
6.3. The automorphism groups of nonassociative quaternion algebras. Recall the dicyclic group
of order 4l. The semidirect product Z/sZ ⋊ l Z/nZ between the cyclic groups Z/sZ and Z/nZ corresponds to a choice of an integer l such that l n ≡ 1 mod s. It can be described by the presentation Z/sZ ⋊ l Z/nZ = x, y | x s = 1, y n = 1, yxy
We obtain the following result for the automorphism groups of nonassociative quaternion algebras (where m = 2):
is a quadratic field extension of F , char(F ) = 2, and consider the nonassociative quaternion algebra
For every c ∈ K \ F for which there is a positive integer j such that c j ∈ F × , pick the smallest such j. (i) Suppose j is even and write j = 2l. We prove first that
We have
c . Hence H σ,k , G c has the presentation (10) as required.
(ii) Suppose j is odd. Then G c does not contain H id,−1 as H id,−1 has order 2 which implies Therefore Aut F (A) contains the dicyclic group of order 12 by Theorem 24.
Isomorphisms between S f and S g
The proofs of the previous sections can be adapted to check when two Petit algebras are isomorphic and when not. This is not the main focus of this paper so we just point out how some of the results can be transferred.
If If G is an automorphism of R = K[t; σ] which restricts to an automorphism τ on K which commutes with σ, f ∈ R is irreducible and g(t) = G(f (t)), then G induces an isomorphism S f ∼ = S G(g) [20, Theorem 7] (the proof works for any base field).
From now on let F be the fixed field of σ, σ have order n, and both f (t) = t m − If n < m − 1 we still get a partial result:
Theorem 27. Suppose there exists τ ∈ Aut F (K) and k ∈ K × such that τ • σ = σ • τ and such that (11) holds for all i ∈ {0, . . . , m − 1}. Then S f ∼ = S g with an isomorphism given by 
